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Computation of Three-Dimensional Potential Flow
Using Surface Vorticity Distribution

Pradeep Raj* and Robin B. Grayt
Georgia Institute of Technology, Atlanta, Ga.

An iterative method is developed using incompressible potential flow theory to compute three-dimensional
velocity and pressure distributions on the surface of thick wings. The mathematical formulation is illustrated for
a semi-infinite circular cylinder having a hemispherical tip. The procedure starts from a specified two-
dimensional vorticity distribution on the entire body and converges in three iterations to the three-dimensional
distribution on the tip which merges smoothly with the two-dimensional one further inboard. The finite-element
approach used here gives a continuous distribution of vorticity which is directly equivalent to the surface velocity
distribution. The present method involves repeated use of the Biot-Savart law to relax the surface vorticity
strength in successive iterations; whereas the more commonly used integral equation formulation requires
solving a large matrix which is usually not well behaved for the surface vorticity model. A modification of the
method is applied to compute the nonlifting flow on a semi-infinite NACA 0012 wing with a half-body-of-
revolution tip and a NACA 0012 wing with an aspect ratio of three. The chordwise pressure coefficient
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distributions are presented for representative spanwise locations for all of the cases.

Nomenclature
AR =aspect ratio of a wing
c =chord
C =pressure coefficient

C‘;,C ,C; =direction cosines with respect to X, Y,Z axes,
respectively, of a vector tangent to the surface
at a control point )

ij,k = unit vectors along X, Y, Z axes, respectively

k,,m =stations on the body surface used to define
surface elements (see Fig. 1)

K, LM =total number of k,/,m stations, respectively

L t,0 =direction cosines of the tangential induced
velocity vector on the body surface

|4 =total fluid velocity

X, V.2 = Cartesian coordinates of a point

X, Y, Z = Cartesian coordinate system

a,B =spanwise and chordwise components of the
surface vorticity vector, respectively

0% =surface vorticity strength

¥ =angular location of an m station on the tip

Subscripts

i = quantities associated with ith control point

k,l,m =quantities associated with kth, /th, and mth
stations, respectively

L =lower surface

T =tip

U =upper surface

o =quantities associated with a-type vorticity

8 = quantities associated with 3-type vorticity

o = freestream

Introduction

NE of the problems of continuing interest to
aerodynamicists is concerned with the development of
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more accurate and efficient methods for the determination of
pressure and velocity distributions on arbitrarily shaped
bodies. Ideally, one would like to solve the Navier-Stokes
equations but the task is made quite tedious by the nonlinear
nature of the equations. However, the incompressible
potential flow approach not only affords considerable
mathematical simplification, but the results also agree very
well with low-speed real flows for a large class of bodies and
flow configurations. The essential simplicity stems from the
fact that the velocity fields are completely determined by
solutions of Laplace’s equation subject to appropriate
boundary conditions. The equation of motion is used only to
obtain the pressure field once the velocity field is known.

Even though Laplace’s equation is one of the simplest and
best known of all the partial differential equations, the
number of exact analytical solutions is far too small to suit
wide practical applications. The primary difficulty lies in
satisfying the boundary conditions for a prescribed surface.
This can be alleviated to some extent by introducing suitable
approximations into the formulation. However, the at-
tainable accuracy for the approximate solutions is limited and
usually there are restrictions attached to the type of body on
which the flow can be computed. For a body of arbitrary
shape, the exact numerical methods have been steadily gaining
importance in the past decade with the rapid advances in high-
speed digital computers. In these methods, the analytical
formulation is exact and the computational errors can, in
principle, be made as small as desired by sufficiently refining
the numerical procedure.

The more commonly used exact numerical method is based
on an integral equation formulation. This involves expressing
the solution of Laplace’s equation as an integral over the
bounding surface for an unknown distribution of surface
singularities (sources, doublets, and vortices).! One of the
most important advantages of this procedure is that the
solution can be computed on the body surface without
considering the remainder of the flowfield. Hess and Smith?
successfully apply this formulation using surface source
distributions for a variety of bodies. The bounding surface is
approximated by plane rectangular surface elements over each
of which the source density is assumed to be constant. Hess 34
presents improvements to the basic approach for axisym-
metric and three-dimensional bodies. A vorticity distribution
is, of course, superimposed on the source distribution to
provide the circulation for lifting flows. Woodward? uses the
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source and vortex distributions for wing-body-tail con-
figurations; the former is used on the body panels and the
latter on the wing and tail panels. Pien¢ points out a disad-
vantage of the surface source method, namely, the difficulties
in computing the velocity and pressure even after the source
densities are determined, and advocates use of a doublet
distribution. Summa’ developed a method based on a step
doublet distribution over elements of a discrete set of ap-
proximate quadrilateral elements on the surface. The use of a
vorticity distribution suggested by Prager® has attracted only
limited attention especially for three-dimensional flows.
Kress® deals explicitly with the case of nonsimply connected
bodies, such as a torus, and Klein and Mathew!® have
developed a method for axisymmetric flows. Grodtkjaer!!
presents a direct integral equation method for three-
dimensional flows which involves the formulation of a pair of
singular integral equations of the second kind with surface
velocity components as unknowns. The integral equations are
approximated by a set of linear equations which are solved
numerically. The results for ellipsoids are presented in
Grodtkjaer’s paper.

The use of vorticity as the surface singularity has certain
advantages over other methods which deserve careful at-
tention. This is the only procedure which gives the surface
velocity directly as the solution of the equation. This follows
from the fact that the discontinuity in the tangential velocity is
the local vorticity strength and, if the interior velocity is zero,
then the surface vorticity strength is equivalent to the surface
velocity. The vorticity also represents an ideal model of the
physically observed phenomenon as some vorticity is
unavoidably required to provide circulation for lifting flows.
The authors, therefore, find it more natural to formulate the
entire problem of incompressible, inviscid flow in terms of
vorticity.

An integral equation formulation using surface vorticity
distribution for the computation of three-dimensional
velocity fields poses the following difficulty. The surface
vorticity distribution coupled with the zero-normal-flow
boundary condition leads to a Fredholm integral equation of
the first kind. This equation has to be numerically solved for
an arbitrary bounding surface and the usual procedure is to
approximate the integral equation by a set of linear algebraic
equations. However, the diagonal entries of the resulting
coefficient matrix are not necessarily larger than the other
entries. This can be a crucial factor in the numerical matrix-
solution method. The large size of the matrix as required for a
sufficiently detailed and accurate determination of the
flowfield further aggravates the difficulties. In this paper,
instead of the integral equation formulation, an alternate
method based on a simple iterative procedure is presented.

Development of the Iterative Procedure
Basic Concept

The formulation of the iterative procedure is best illustrated
by considering a semi-infinite body. For clarity of sequences
in the development, consider a semi-infinite circular cylinder
of unit radius having a hemispherical tip. The flow on this
body, placed with its axis perpendicular to the freestream is
essentially two-dimensional except for a limited zone of three-
dimensional flow near the tip. The iterative procedure starts
with the specification that the initial vorticity strength at a
chordwise location on the entire body is the same as the
corresponding value for a two-dimensional circular cylinder.
(In other words, the two-dimensional vorticity distribution
that occurs at a great distance inboard on the cylinder is
maintained unchanged to and around the tip thereby
satisfying continuity of the vorticity.) Obviously, this does not
conform to the actual distribution near the tip. The initial
distribution, therefore, has to be adjusted such that the final
three-dimensional vorticity distribution on the tip merges
smoothly with the two-dimensional distribution further in-
board. The underlying concept of the iterative procedure is to
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successively relax the surface vorticity distribution under its
own influence until the proper distribution is obtained on the
surface. This is accomplished by the following finite-element
approach.

The body surface is first divided into a finite number of
elements, each containing a control point where the tangential
component of the induced velocity due to all the elementary
distributions is computed using the Biot-Savart law. This is
added to the local tangential component of the freestream to
give the mean tangential velocity of the surface vorticity sheet
which is one-half of the local velocity '2 and equivalently, half
of the vorticity strength. The local vorticity vector is, of
course, perpendicular to the velocity vector. The computed
value of the surface vorticity will not, in general, agree with
the initial value in magnitude or direction. The initial values
of the surface vorticity are now replaced by the computed
values at the control points and the vorticity distribution is
assumed to vary linearly between any two control points.
Thus, the body has a piecewise linear, continuous vorticity
distribution on its surface which is different from the initial
one (but not necessarily the correct distribution). The next
step is to compute the induced velocities, consequently the
vorticity strengths, at the control points as resulting from the
modified surface vorticity distribution. The new results are
then compared with the previous values. If the agreement is
not within prescribed limits, the computed vorticity
distribution replaces the previous one and further relaxation
continues. In principle, the procedure can be carried out until
the difference in the values of the surface vorticity for two
successive iterations is insignificant. The results, however,
show that good convergence is obtained in about three to four
iterations for nonlifting flows.

It is important to note that the local vorticity vector is
completely specified by a pair of orthogonal vectors on the
surface which are designated a-type and B-type. The initial
two-dimensional vorticity distribution is entirely a-type. The
B-type is needed, in addition to the «-type, near the tip to
account for the three-dimensionality. The net surface vorticity
strength, &, is obtained from

6= (a? +87) " (1)

Surface Elements

On the cylinder (y < 0), any plane parallel to the Y-Z plane
intersects the surface along a semi-infinite straight line which
is called a k station (Fig. 1). A plane parallel to the X-Z plane
intersects the cylinder along a circle of unit radius which is
called an [ station. The k stations, the / stations, and the
curved body surface form the elements on the cylindrical
body. On the hemispherical tip, mutually orthogonal
longitudes and latitudes are drawn as follows. A plane
parallel to the Y-Z plane intersects the hemisphere along a
semicircle which corresponds to a latitude and defines a k&
station. A radial plane containing the X axis and inclined at
an angle ¢ to the X-Z plane intersects the hemisphere along a
unit circle which corresponds to a longitude and defines an m
station. The & stations, the m stations, and the curved surface
form the elements on the hemisphere which is mathematically
expressed as

(x=1)2+y?+z2=1 ()

All of the elements on the body are curved surfaces of dif-
ferent shapes and sizes. The procedure offers enough
flexibility for varying the number and sizes of the elements.
On each element, the geometric midpoint is designated to be a
control point.

Zeroth Iteration

Initially, the chordwise vorticity distribution on the body is
identical at every / and m station. The vorticity on the
hemispherical tip is composed of semicircular filaments lying
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Fig. 1 Semi-infinite circular cylindrical body with a hemispherical
tip.

along the latitudes and the distribution on the circular
cylindrical section of the body is constituted of semi-infinite,
straight-line filaments. The total induced velocity, V;, at the
ith control point is the sum of the contributions ¥, and V;
from the upper and lower surface vorticity distributions on
the cylindrical portion (y = 0), respectively, and the con-
tribution ¥V, from the vorticity distribution on the
hemispherical tip, i.e.,

Vi=Vy+V, +Vy 3

where

1 &
V,, =+ — S
v 4“2_)1

G(x) =y, + (X=X )Apyi/Apxy

Xk+1
Gx)(U—yr=1YJ;r2mdx (4)
Xg
J;=(z2;—2)C, — (x;—x)C;
r={(x;—x)2+(z;,—2)?}*
m,={1+(dz/dx)?} "

2=+ (2x—x%) " =20

A=Ef' -1 Ef'x =x,y,
and
K
1 k! T
Vi=— Y, S S G(x)J,R ~*\(x) m,dedx )
4 k=1 Y 0

where G (x) is defined following Eq. (4) and
R={r’+(y;=»)?}"
J,={(z;—z)cose+ (y; —y)sine}C,
— {x; —x) (C,sine + C;cose)
m, = {1+ (d\/dx)?}”
ANx)=(2x—-x?)"

y=NA(x)sine Z=MA(x)cose

When two signs appear for a term, the upper sign corresponds
to the upper surface and the lower one to the lower surface.

It is expected and borne out by the results of the zeroth
iteration that the a-type vorticity distribution at the / stations
approaches the corresponding two-dimensional distribution
at a few chord lengths inboard from the tip. The value of the
B-type vorticity approaches zero simultaneously. There is then
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a cutoff station, /=1, inboard of which the flow is essentially
two-dimensional and represented entirely by the «-type
vorticity. On and near the tip, the vorticity distribution is
composed of both the a-type and the 3-type.

First Iteration

The results of the zeroth iteration provide the input surface
vorticity distribution for the first iteration. The computation
of the induced velocities due to the new system is carried out
by using the Biot-Savart law. It is convenient to consider the
contributions of the o-type and the f-type vorticity
distributions separately as follows:

The induced velocity at the ith control point due to the a-
type vorticity distribution is the sum of the contributions of
the upper (z = 0) and lower (z < 0) surfaces of the cylin-
drical portion (y < 0) of the body and the hemispherical tip,
that is,

Vi =Vy +Vi +Vr, (6)
Here
K K L
Vo o =% YAV £ Y, ) AV,
e k=1 k=1 =1
The term AV, expresses the contribution of the entire strip

extending to infinity inboard of the cutoff station, y,, with
X, < x < x;,,and is expressed by

1 [ ~k+1
Aszer Gx){ I+, —y)R-1Y,r?2mdx (7)

Xk
The term AV, is the contribution of the element lying be-
tween the stations / and /+ 1 and the stations k£ and £+ 1 (see

cross-hatched area in Fig. 1). Using the Biot-Savart law, this
term can be expressed as

1 [ ~k+1
AV,(,:‘;‘PSY la,J;—b,J,+ (a,J;—b,J ) x}J,m dx (8)
Yk

where J, and m, are defined following Eq. (4) and
Jy= {0 =)/ — G =y) /d 2
Jo=ta—yy ) /d = a=yy)/dr=?
a=r?+y?
d,=la=2yy., +yi, 3"
d;=la=2yy,+yi}”
a; = =Sfrey) /Ay, b, =4S4,
a,=(ey~e V) /Ay, b,=Ae,/0y,
e =8y Y/ Ay Xy

1=V hiXs 1 = Yir 10%6) 1A Xy

The double integral in the following equation represents the
contribution to the induced velocity component at the ith
control point from the surface element on the tip between the
stations k and £ + 1 and m and m + 1. The total contribution is

1 K M Yk+d (Ym+i
LS BT
T k=1 m=1 Y Vi
(a;x+a,)J,R SN (x)m,dedx )
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where m,, M(x), R, and J, are defined following Eq. (5) and
a; ={Ay (N8 m)Sine+Ah  }/A X,
= (N 8hmXis 1= Mer 18k 1.mXs ) SINE
+ PmXer 1 —Hiy 1mXi) 3/ A X,
&iom =B Y km ! By iem
M= VigmYome 1 = Yem+ 1P km )/ B v 1m
Yim =Ngsinyg,, =N (x,)siny,,
The @-type vorticity distribution is confined to the

hemispherical tip and the region between the tip and the
cutoff station. The tangential induced velocity, V., is the sum

p . 3
of the contributions from the upper and lower surface vor-
ticity distributions on the cylindrical portion and from the
hemispherical tip, that is,
VfBZVUB+VLB+VTB (10)

Here

1 & L *k+1
V“ﬂ'LerkZ::, ,E, gxk I +L+1;)ymdx (1)

where m, is defined following Eq. (4), J; and J, following
Eq. (8),and

I,=ab,J, L=—(asb,+azbs)d,
Li=asbs{ly,, yi—a)—ay)/d;, — 1y, (yi—a) —ay]/d, }r~?
+asbsbl(y, =y +d, )/ (y, =y +d))]
a; = FC,;sinf + C;cosf

a;=C,( F (x;—x)sinf £ (z; —z)cosb} —y,a;

bs = {Ar8uX+ Xyt 18hi = Xu&u+ 1) 1/ BiXy

be={Ah x+ (X =Xl ) 1 Agxy

Bri =AY/ A

Ner= VeV ie 1 = Yeae 1Y) 1A,

tanf =dz/dx
and
K M .
e B L L e
X (I, +1,+1;) R~ \(x) mydedx (12)
where
I, = — (x;,—x) (C,cose — C;sine) sinf

I, =~ (y;,—y)(C;cos0—C,sinfcose)
I;=—(z; —2) (C,sinfsine — C,cosf)
tanf =dN\/dx
%nd (tgh)e definitions of the other variables are given following
q.(9).

The net tangential induced velocity V; =V, + Vig» is added
to the corresponding tangential component of the freestream
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velocity to obtain the a and 3 components of vorticity. The
computed values define a new system of surface vorticity
distribution to be used for the next iteration. The procedure,
including all equations, is identical to that of the first
iteration, Eqs. (6-12).

Numerical Procedure

Before starting the computations for the zeroth iteration,
the upper and lower surfaces of the cylindrical portion of the
body are each divided into 30 semi-infinite strips. There are
correspondingly 30 semicircular segments on the
hemispherical tip. The initial chordwise vorticity strength
distribution at every spanwise location is the same as the two-
dimensional distribution on a circular cylinder. ' The induced
velocity at any point on the body due to this system of vor-
ticity is obtained by numerically evaluating the integrals in
Egs. (4) and (5) by using Simpson’s rule. When the point lies
on a strip whose contribution is being evaluated, the integrand
exhibits the indeterminate (0/0) form. The integral can still be
evaluated numerically by using a combination of Simpson’s
rule and the trapezoidal rule.!* The latter is used very close to
the singular point where the slope of the integrand with
respect to the X axis becomes large. The contributions of the
small intervals on each side of the singular point steadily
reduce as this point is approached.

The location of the cutoff station, /=1, is found to be
approximately five chord lengths inboard from the y=0
plane. The intervening distance is divided into 10 parts giving
rise to 11 / stations. On the tip, 13 m stations at 15 deg in-
tervals are selected. At the control point on each of the surface
elements, the o- and B-type vorticity strengths are computed.
These results define the input vorticity distribution for the
first iteration.

The tangential induced velocity at any control point due to
the input vorticity distribution is obtained by numerical
evaluation of the integrals in Eqgs. (7-9) and Eqs. (11) and (12)
using Simpson’s rule. The singular control points where the
ifitegrand exhibits an indeterminate form are handled as
previously described. The induced velocity components are
added to the appropriate freestream component to define the
a- and B-type of vorticity strengths which define the input for
the next iteration. The numerical procedure remains un-
changed for successive iterations.

Results

The iterative procedure is carried out to three complete
iterations after the zeroth. The results show that the values of
the surface vorticity strength change by smaller amounts with
each iteration. The maximum change is obtained between the
initial two-dimensional distribution and the results of the
zeroth iteration and may be as much as 50% based on a
freestream value of unity. The results of the first iteration
differ from those of the third iteration by an amount which is
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Fig. 2 Typical damped oscillatory pattern of convergence for surface
vorticity strength on a semi-infinite circular cylindrical body with a
hemispherical tip, y/c=0.
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Table 1 Variation of the circumferential velocity component on the semi-infinite circular

cylindrical body in a crossflow V="V _ l,_, ,sind; ¥, computed by present method

J. AIRCRAFT

y/e=-0.5 yle=-0.2 y/c=0.0
x/c -sind 14 V., 14 Ve 14 v,
0.025 0.3122 0.5894  0.5896 0.5681  0.5685 0.5431 0.5426
0.1 0.6 1.1327 1.1328 1.0919  1.0922 1.0437  1.0418
0.2 0.8 1.5103  1.5104 1.4558  1.4558 1.3916  1.3888
0.3 0.9165 1.7303 1.7304 1.6678 1.6676 1.5942  1.5944
0.4 0.9798 1.8498  1.8498 1.783  1.7826 1.7044  1.7052
0.5 1.0 1.8879 1.8879 1.8198  1.8198 1.7395  1.7395
Table2 Variation of the axial velocity component on the surface of the circular
cylindrical body in a crossflow V= Vg lg_gcost; Vg computed by present method
y/e=-0.5 y/c=-0.2 y/c=0.0
x/c cos@ 1 4 Vs |4 Vg 14 Vs
0.025 0.95 0.07738 0.0774 0.1581 0.1582 0.3190 0.3198
0.1 0.8 0.06512  0.06524 0.1331  0.1334 0.2686  0.2698
0.2 0.6 0.04884  0.0489 0.09984  0.1001 0.2015  0.2026
0.3 0.4 0.03256  0.0326 0.06656  0.0668 0.1343  0.1354
0.4 0.2 0.01628  0.01632 0.03328  0.0334 0.0672  0.0676
0.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0
characterized by its value at § =0 (at a point in the X-Y plane).
1.0 The circumferential velocity component varies as sinf, the
quantity being characterized by its value for #=x/2. In Tables
i 1 and 2, the variations of the circumferential and the axial
02 03 04 05 x& velocity components as required by the previous observation
Cp O : : : ' are compared with the corresponding values computed by the
present method. A good agreement is noted for all the
I representative points on the surface.
The chordwise pressure coefficient distribution on the
-1.or upper surface of the semi-infinite circular cylindrical body at
SPHERE . five stations is presented in Fig. 3. Owing to the symmetry of
¥=90 the body about the centerline, only the variation between the
¥=30° leading edge and the midchord is shown. For the purpose of
-2.01 y/c =00 comparison, the chordwise C, distribution for a two-
y/c=-0.2 dimensional circular cylinder and for a sphere are also
i y/c=-0.5 plotted. The curves clearly show the three-dimensional relief
effect as the hemispherical tip is approached from inboard
-3.0r 2D CYLINDER where the flow is essentially two-dimensional.

Fig. 3 Chordwise pressure coefficient distributions on a semi-infinite
circular cylindrical body with a hemispherical tip.

approximately 5% and less, whereas the difference in the
results of the second and third iteration is less than 2%. The
results of a fourth iteration, carried out only for the a-type,
differ from the third iteration by less than 1%. This led to the
conclusion that the results of the third iteration may be
considered as the converged solution. An interesting feature
of these results is the damped oscillatory pattern of con-
vergence as shown in Fig. 2.

A check on the accuracy of the results is provided by the
values of the normal component of the total velocity vector
computed for a set of representative control points.
Theoretically, the normal component should be zero on the
surface. In the present case, the values of this component are
found to be less than 1% of the freestream value of unity.
Moreover, the values of the normal velocity component
steadily reduce with each successive iteration.

An added measure of confidence in the results is provided
by the following observation. The case under consideration is
one of an axisymmetric body in a cross-flow. Lotz!® pointed
out that the dependence of all quantities on a circumferential
location is known in advance for an axisymmetric body
immersed in a uniform flow which is directed normal to the
body’s axis of symmetry. Then, the axial and the radial
velocity components vary as cosf, the quantity itself being

Modified Iterative Procedure

Semi-Infinite Symmetrical Wing

The iterative procedure just described for a semi-infinite
circular cylindrical body is applied to compute the nonlifting
flowfield on a semi-infinite NACA 0012 wing with a half-
body-of-revolution tip. The problems are identical, both
conceptually and in mathematical details, except that the
geometry of the airfoil cross section, z=2z(x), is expressed by
a different formula. !¢ The cutoff station for the wing is found
to be at one chord length inboard of the tip. The k stations are
relatively closely spaced near the leading edge and the trailing
edge as the two-dimensional results show a relatively rapid
variation of vorticity in these regions. The locations of the /
stations are also dictated by the fact that the influence of the
tip to render the flow three-dimensional reduces rapidly as the
distance from the tip increases inboard. The iterative
procedure is started by wrapping the wing with a vorticity
sheet whose chordwise strength distribution corresponds to
the two-dimensional one.!'3 The results for four complete
iterations show a converging trend, as shown in Fig. 4. More
interestingly, a damped oscillatory pattern of convergence,
which is quite similar to that found for the circular cylinder, is
observed. This observation suggests the following
modification to the basic procedure so that the rate of con-
vergence could be improved.
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Fig. 4 Comparison of oscillatory pattern of convergence of basic
and modified iterative methods for a semi-infinite NACA 0012 wing,
x/c=0.25,y/c=-0.1.
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Fig. 5 Chordwise distributions of the «- and §-type surface vorticity
strengths on a semi-infinite NACA 0012 nonlifting wing.

After the zeroth and the first iterations, the input
distribution for the next iteration is taken to be the mean, /,,,
of the results of the zeroth and the first iterations. In the light
of the behavior of the results of the basic procedure, it is to be
expected that 7,, will be closer to the converged solution than
either the zeroth or the first. The results, [/, of the second
iteration are compared with its input distribution for con-
vergence. The criterion for convergence is, of course, the
smallness of the difference of the results of two successive
iterations. Every following iteration, when required, is started
with an input surface voriticty distribution which is the mean
of the two previous distributions.

Resuits

The chordwise distributions of the o- and S3-type vorticity,
as computed using the modified procedure, are given in a
tabulated form in Appendix C of Ref. 14. One of the salient
features of the results is that the values of the third iteration
are different from its input distribution by amounts which are
less than one-half of 1% on the entire wing except in the first
5% chord length from the leading edge where the differences
are between one-half of 1% to a maximum of 2%. The latter
can be attributed to relatively sharp changes in the vorticity
gradients which are approximated by a few linear segments
only. On the contrary, the results of the basic method showed
that the difference between the values of the third and the
second iterations was of the order of 2% on the entire wing.
The typical pattern is shown in Fig. 4 for a representative
control point.
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Fig. 6 Chordwise pressure coefficient distributions on the surface of
a semi-infinite NACA 0012 wing with half-body-of-revolution tip at
zero angle of attack.

The accuracy of the results is checked by computing the
normal component of the total velocity vector and it is found
to be less than 1% of the freestream value of unity. Three
typical chordwise velocity distributions associated with the «-
and B-type vorticity distributions are shown in Fig. 5 and
compared with the two-dimensional distribution. The
negative values of the velocity component associated with 8-
type voriticity reflect a change of direction of this component
aft of the 35% chord location. This is consistent with the
bending of the streamlines as required by the geometry of the
wing tip. In Fig. 6, the chordwise pressure coefficient
distribution is shown for four spanwise locations. The
comparison with the result of the two-dimensional flow shows
the three-dimensional relief effect of the tip.

It should be pointed out at this stage that in most of the
studies,?” the body surface is usually approximated by flat
panels and, understandably, that is the simplest and more
practical choice for arbitrarily shaped bodies. In the
development of the present iterative method, however, only
simple geometries are considered and no approximations have
been made regarding the curved shapes of the surface
clements. Therefore, the results are accurate except for the
errors due to the piecewise linear approximation for the
vorticity distribution and the truncation errors. This accuracy
is achieved at the cost of increased computations in evaluating
the integrals for each surface element. A preliminary in-
vestigation showed that suitable approximations of the
surface elements can reduce the computational effort con-
siderably without noticeable impairment of accuracy. For
instance, the surface elements inboard of the tip can be
replaced by flat panels formed by joining the corners of the
elements and the half-body-of-revolution tip may be divided
into half frustrums of cones of axial lengths determined by the
adjacent k stations. These approximations simplify the
mathematical formulation as some of the integrals can be
evaluated analytically and expressed in algebraic form.
Consequently, the numerical computations are reduced. A set
of approximations which resulted in less than one-tenth of 1%
change over the results obtained by using all curved elements
is incorporated for the case of finite wing described later. This
involves approximating all the curved elements by flat panels,
except on the section of the body which contains the control
point where the induced velocity is being evaluated. The
details are discussed in Ref. 14.

Finite Symmetrical Wing

One of the obvious extensions of the case of the semi-
infinite wing is to compute the nonlifting flow on a con-
ventional finite wing. An NACA 0012 wing of aspect ratio
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Fig. 8 Chordwise pressure coefficient distributions on the surface of
a nonlifting NACA 0012 wing of aspect ratio 3.

three is considered (Fig. 7). The iterations can be carried out
from an initial two-dimensional surface voriticity distribution
on the entire wing and subsequent application of the modified
procedure just outlined. However, a more efficient method
will be to start from an initial distribution which is closer to
the final solution. This can be accomplished by choosing a
surface distribution which, on and near the tip of the finite
wing, is the same as the corresponding distribution near the
tip of the semi-infinite wing. This choice of initial distribution
also affords another advantage. It is obvious that the number
of elements on the finite wing will be of the order of twice the
number of surface elements on the semi-infinite wing. A
considerable saving in computations can be achieved by
carrying out two iterations for the semi-infinite case and then
transferring to the finite wing. For the case under con-
sideration, the input vorticity distribution used is the same as
the input for the third iteration of the semi-infinite case. After
one iteration is completed for the finite wing, the results are
within one-half of 1% of the input distribution on a major
portion of the wing (between the 5% and 75% chord lengths).
On the remaining portion, the results differ from the input
distribution by approximately 1-3%. The results of the second
iteration for the finite wing differ from the corresponding
input distribution by less than one-half of 1% on the entire
wing and much less than this on a major portion of the
wing. ¥ The chordwise pressure coefficient distribution on the
upper surface of one half of the wing is shown for seven
representative locations in Fig. 8. The results show that the
major effect of the tip is largely confined to within 20-25%
chord length inboard of the tip.

J. AIRCRAFT

Concluding Remarks

An iterative procedure utilizing a surface vorticity
distribution is formulated and developed to compute the
three-dimensional nonlifting potential flow on the tip region
of a circular cylindrical body with a hemispherical tip. In
three iterations, the initial two-dimensional distribution on
the entire body is readjusted to give a three-dimensional flow
on the tip which merges smoothly with the two-dimensional
distribution further inboard from the tip. The difference
between the results of the second and third iterations is less
than 2%. The results of the iterations exhibit a damped
oscillatory pattern of convergence which is also observed for
the case of a semi-infinite NACA 0012 wing with half-body-
of-revolution tip. This observation leads to a modification of
the method to achieve accelerated convergence. The modified
procedure is then used to compute nonlifting potential flow
on a NACA 0012 wing of aspect ratio three. In each case, a
continuous, nearly piecewise linear velocity distribution on
the surface is directly obtained from the computed vorticity
distribution without further computation.

The most important advantage of the iterative procedure
over the more commonly used integral equation formulation
is that the surface velocity distribution is obtained without
having to solve an extremely large set of linear algebraic
equations. The coefficient matrix of the latter which ap-
proximates the integral equations of the first kind for the
surface vorticity distribution model is usually not well
behaved because the diagnonal entries are not dominant.

The logical extension of the present work is to apply the
method to a lifting wing. The solution for this case should
provide more insight into the problems related with the wing
tip vortex. The problem is, however, complicated by the lack
of information about the geometry and the vorticity
distribution of the trailing vortex system. One of the possible
ways to approach the problem is to start the iterative
procedure with a surface vorticity distribution on the wing
which corresponds to the nonlifting solution with an ad-
ditional vorticity distribution to account for circulation and
lift. Initially, a suitable model for the trailing vortex sheet has
to be assumed on which the kinematic boundary condition
will have to be satsified. The successive iterations should
readjust the vorticity strength distribution on the wing and the
trailing vortex system to yield the final solution. The present
method may be extended to the case of an arbitrary three-
dimensional body in a similar manner. An approximate two-
dimensional flow on one cross section of the body may be
computed by the method of Ref. 13, assuming that such a
condition is appropriate for the body. These results then
provide an initial distribution to start the iterative procedure.
Alternatively, the two-dimensional vorticity distribution may
be computed (e.g., blade- or airfoil-element theory) on
predetermined cross sections and the surface vorticity may be
assumed to vary linearly between two adjacent elements. The
latter approach is being pursued to compute the pressure
distribution on a helicopter rotor blade. The results!” to date
indicate that the successive iterations adjust the surface
vorticity strengths to give the three-dimensional flow. The
final word on the most suitable initial distribution and
subsequent convergence must await the completion of further
computational studies.

In the course of the present investigation, no ap-
proximations are made about the shapes of the curved surface
elements. The results, therefore, can provide a basis to check
the validity of several possible approximations which can
reduce the computational effort considerably. Some
preliminary studies resulted in reducing the computational
time by more than 50% without a signficant loss of accuracy.
However, an extensive numerical evaluation of the relative
magnitudes of the contributions to the induced velocity at a
control point from various surface elements is needed. It may
be possible to entirely omit some of them from the
calculations or to express the contribution from some others
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as a simple, analytical expression by assuming a uniform
constant-strength distribution which is an average of the
actual distribution.
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